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Abstract--Osci l lation criteria are given for even order neutral type differential equations of the 
following form 
[x(t) + a(t)x(r(t))] ('~) + f(t, x(t), x(a(t))) = O, 
where f(t,x,y) E C([0, c~) x R2, R) and a,r,a E C([0, c~),R) such that 0 _ a(t) < 1, T(t) < t, 
a(t) < t, and limt--,oo r(t) = limt-.oo a(t) = ~.  
Keywords- -Neutra l  differential equation, Nonlinear, Higher order, Oscillation, Eventually posi- 
tive solution. 
1. INTRODUCTION 
The oscillatory behavior of solutions of higher order neutral type equations are of both theoretical 
and practical interest. We note that such equations appear in the study of vibrating masses 
attached to an elastic bar and also in some variational problems [1]. We should also note that 
the behavior of solutions of neutral type equations may be quite different han that of nonneutral 
equations [2]. 
In this paper we are interested in oscillation of solutions of higher order neutral type differential 
equations of the form 
[x(t) + a(t)x(r(t))] (n) + f ( t ,x ( t ) ,x (a ( t ) ) )  = O, (1) 
where n > 2 and the following conditions are always assumed to hold: 
(H1) a(t) is continuous on R+ = [0, ~) ,  0 < a(t) < 1; 
(H2) T(t) and a(t) are continuous on R+, T(t) < t, a(t) < t, and limt-~oo T(t) = limt-.oo a(t) = 
c~; 
(H3) f ( t ,  x, y) is continuous on S = R+ × R × R and yf ( t ,  x, y) > 0 for xy > O. 
We restrict our attention to solutions x(t) of (1) which exist on some half-line and are nontrivial 
for all large t. It is tacitly assumed that such solutions exist. 
Observe that when a(t) =_ 0 or r(t) - t the above equation reduces to a nonneutral equation 
whose oscillatory character has been studied by several authors, see e.g., [3-6] and the references 
cited therein. In [4], assuming that there exists a continuous nonnegative function p(t) defined 
on R+ and positive real numbers Cl and c2 such that 
czp(t)lyl ~ < I f ( t ,x ,y) [  < c2p(t)Iyl a, 0 < ~ < 1, (2) 
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it was shown that every solution x(t) of (1) is oscillatory when n is even, and is either oscillatory 
or tends to zero together with its derivatives of order up to n - 1 if and only if 
c¢ [a(s)]a(n-1)P(s) ds = c¢. (3) 
Later, this result was improved in [5] by relaxing the conditions imposed on a. The oscillation 
criteria obtained in [4,5] are not applicable to linear equations. 
The object of this paper is to present new oscillation criteria for equation (1) by employing 
the arguments developed in [4,5]. In the special case of a(t) = 0 the result of this paper reduces 
to the sufficiency parts in the above-mentioned works. We also establish sufficient conditions for 
the oscillation of solutions of (1) when the equation is linear, i.e., when the function f satisfies 
f (t ,  x, y) = p(t)y, where p(t) is a nonnegative continuous function which is not identically zero on 
any half-line of the form It., c¢). To the best of the author's knowledge the oscillation criterion 
obtained in this linear case is new even when a(t) =_ O. 
As is customary, a solution x(t) of (1) is called oscillatory if it has arbitrarily large zeros. 
Otherwise it is nonoscillatory; that is, if it is eventually positive or eventually negative. 
2. K IGURADZE'S  LEMMA 
The following lemma of Kiguradze [6] will be needed in the proof of our theorems. 
LEMMA. I f  u(t) is an n-times differentiable function on R+ of constant sign, u (n) (t) is of constant 
sign and not identically zero in any interval, [to, o¢), and u(t)u(n)(t) < O, then there exists an 
integer l, 0 < l < n - 1 with n - l odd, such that for t > to 
u(t)u (k)(t) > O, k = O, 1 , . . . , l ,  
(a) 
(--1)k-lu(t)u(k)(t) > O, k = l , . . . ,n  - 1, 
and 
(t - to) n-1 
lu(t)l _> (n - 1 ) . . .  (n - l ) Ju (" - l ) (2=- ' - l t ) l "  (5) 
3. MAIN  RESULTS 
THEOREM 1. Assume that ¢(t) is a nonnegative continuous function on R+ and that w(t) > 0 
for t > 0 is continuous and nondecreasing on R+ with 
lyl ) 
[f(t,x,y)J > ¢(t)w [1 - a(a( t ) ) l [a ( t ) ]  n -1  ' 
and 
If  n is even and 
(6) 
~o ±~ dx w(x----~ < oo, for every A > O. (7) 
¢(t) = c¢, (8) dt 
then every solution x(t) of (1) is oscillatory. 
PROOF. Suppose that there is a nonoscillatory solution x(t) of (1). We may assume that x(t) 
is eventually positive. The proof when x(t) is eventually negative is similar. In view of (H1) 
and (H2), it is clear that a(t)x(r(t)) and x(a(t)) become ventually positive. We set 
z(t) = x(t) + a(t)x(r(t)). (9) 
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It is obvious that z(t) and -z(n)(t) are also eventually positive. In fact, 
= - / ( t ,  x(t), < o. (10) 
Now applying Kiguradze's lemma we see that there exists to > 0 such that for t > to, (4) 
and (5) are satisfied by z(t). Since n is even, the integer l associated with z(t) is greater than or 
equal to 1, and hence z(t) is increasing for t > to. Using this and the fact that X(r(t)) < Z(V(t)), 
it follows from (9) that 
x(t) > [1 - a(t)]z(t), t > to. (11) 
By (5), 
2(l-n+l)(n-1) 
z( t )> z(21-n+lt) >_ (n_ l ) . . . (n_ l ) ( t - t l )n - l z (n -1 ) ( t ) ,  t>t l=2n- l - l to ,  
and therefore by choosing t2 > tl, arbitrarily large, we see that 
z(t) > ctn-lz(~-l)(t),  t > t2, (12) 
where c > 0 is an appropriate constant depending upon I and n. 
Let t3 > t2 be such that a(t) > t2, for all t > t3. From (11), (12), and the decreasing character 
of z(~-l)(t) we then have 
x(o(t)) > cz(n-1)(t), t > t3. (13) 
[1  - - 
Us ing  (6) and (13), it follows from (10) that 
z(~)(t) + ¢(t)w (cz(n-1)(t)) <_ O. (14) 
Setting y(t) = cz ('~-1) and integrating (14) divided by w(y(t)) from t3 to t, we obtain 
fu(t3) ds /tt( Jy(t) w--(s) + c ¢(r) dr < O, (15) 
Since y(t) > 0 and y'(t) < O, it is clear that l imt_~ y(t) = L >_ 0 exists. If L ¢ O, then clearly 
by (15) we must have 
f t ?  ¢(t) dt < co (16) 
which contradicts (8). In the case when L = 0, letting t --~ ~ in (15) and using (7), we again 
obtain (16). Thus the proof is complete. 
In the proof of the above theorem l >_ 1 is crucial. Also, it should be noted that l = 0 is 
possible only when n is odd. In this case, it follows that, for the unbounded solutions of (1), the 
integer l associated with z(t) is greater than or equal to 2. Therefore, one can easily see that for 
n odd the unbounded solutions must be oscillatory. 
EXAMPLE 1. If n is even, 0 < a < 1, and 
/ ~[1 - -  a(a(t))] a = co, (17) [a(t)]~( ~- 1)p(t) dt 
then every solution of 
[x(t) + a(t)x(T(t) ] (n) + p(t)lx(a(t) l ~ sgn(x(a(t) ) ) = 0 
is oscillatory. 
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Notice that when a(t) - O, conditions (3) and (17) coincide, and also with w(x) = Ixl% 
(0 < a < 1), inequality (6) reduces to the left-hand inequality of (2). Thus, we obtain the 
sufficiency part of the result of [4] as a special case. In [4], the right-hand inequality of (2) was 
used to show that if (3) fails to hold then there is a nonoscillatory solution which is asymptotic 
to t n-1 as t --, c¢, showing that (3) is a necessary condition as well. So, it is natural to ask 
whether or not condition (17) is also necessary for the above conclusion to hold. Unfortunately, 
we fail to give an answer to this question. 
EXAMPLE 2. If n is even, 0 < a < 1, and 
f ~ [1 - a(a(t))] [a(t))] o¢, (18) 1)p(t) dt 
then, by taking w(x) = IxlaG(x), we see that every solution of 
x(a(t)) ~ sgn(x(a(t))) = 0 (19) Ix(t) + a(t)x(r(t))](") + p(t)lx(c(t))l G [1 - a(a(t))][a(t)] ] 
is oscillatory. Here G(x) is a continuous function which is positive and nondecreasing for all 
xER.  
When we take a(t) - 0 in Example 2, we recover the sufficiency part of a theorem in [5]. We 
note also that the results in [4] cannot be applied to Example 2 for the special case of a(t) - O. 
Again, we may ask whether or not (18) is also a necessary condition for oscillation of solutions 
of (19) when n is even, as it is in the special case of a(t) - 0, see [5]. 
Let us now consider the linear equation 
[x(t) + a(t)x(r(t))] (n) + p(t)x(a(t)) = 0, (20) 
where n is even, a, T, a, and p are as stated in Section 1. 
In the case of n = 1 and a(t) - O, it is well known that (see [3]) every solution of (20) is 
oscillatory if either 
1 
l iminf p(s) ds > - ,  
t--*oo Joct) e 
or a(t) is nondecreasing and 
THEOREM 2. Every solution 
l imsup r/t p(s)ds > 1. 
t--*oo Ja(t) 
x(t ) of (20) is oscillatory when n is even,/f  
~a t
liminf [U(s)]n-111 -- a(a(S))]p(s)ds > 
t--.oo (t) 
(n -  1)2 (n-I)("-2) 
(21) 
or /; l imsup [a(s)]"-l[1 - a(a(s)) lp(s)ds > (n - 1)2 ("-1)("-2). 
t--.oo (t) 
In the case of (22), it is a/so assumed that a(t) is nondecreasing. 
PROOF. We proceed as in the proof of Theorem 1 and deduce from (10)-(12) that 
(22) 
z(")(t) + c [a(t)] ("-1) [1 - a(a(t))lP(t)z (n-l) (a(t)) < O, (23) 
where 2(l-n+l)(n-l) 
c = (n -  1 ) . . . (n - l ) '  l E (1 ,3 , . . . ,n -  1}. 
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Noticing that c takes on its smallest value when l = 1, and letting u(t) = z(n-1)(t) in (23), we 
have 2(2-n)(n-1) 
u'(t) + (n - 1) [a(t)]n-l[1 - a(a(t)) lP(t)u(a(t))  < O. (24) 
Now an application of the results in [3], Theorems 2.1.1 and 2.1.3, implies that if (21) or (22) is 
satisfied then (24) cannot have an eventually positive solution, and hence, every solution of (20) 
must be oscillatory. This completes the proof. 
REMARK. A close look at the proof of Theorem 2 reveals that every solution (every unbounded 
solution) of (20) is oscillatory when n is even (when n is odd) if (24) has no eventually positive 
solution. In fact, Theorem 2 is just one application of this observation. In addition, Theorem 2 
remains true for equation (1) if the function f satisfies the condition that yf ( t ,  x, y) >_ p(t)y ~ for 
all t > 0. 
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